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Abstract 
'This paper a s!to:-t summary about the possibilities of constructing more precise~ 
but not too difficult connection models for frame analysls. 
It is dealing with simple methods. which can be useful tools for 
either to construct envelope curves for the elastic and for the plastic behaviour 
separately, 
or to determine t he elastic - piastic response of the frame by concentrating all 
of non-linearities into real or pseudo connection springs, which are connecting the 
elastic members. 
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1. Introduction 
The purpose of frame analysis is to determine the limits of structural use-
fulness and to compare the predicted behaviour wit.h the required one, 
Such an analysis is always part of a design process, wherein adjustment.s 
and new analyses are carried out. until t.he design requirements are met., 
Frame behaviour could be best charact.erised by the relat.ionship be-
tween the applied loading and characteristic deformations, the struct.ural 
response. 
It would be desirable to construct load-deflection curves for each struc-
ture because they would contain all the information that is necessary for 
checking the structural behaviour. But such curves are more or less non-
linear from the very beginning because of second order geometrical effects 
and material non-linearities. Later the slope of the curve is further reduced 
because of local plastification or of some instability phenomena, 
The situation becomes more complicated, if structures contain such 
joints, which are non-negligibly different from the ideal ones, as hinged and 
rigid. 
In case of frames connections have special importance, as their load 
carrying and deformation characteristics can modify the overall behaviour 
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of the frame in a very wide range. Between the theoretically clear, tvlO 
extreme cases, as hinged and rigid, the palette of practically used connec-
tions is very wide and allowance should be taken for it during the design 
process (CHE::\ and FIELDI::\G (1972); CHE::\ (1987); CHE::\ and Lu (1991); 
Lu (1985)). 
case of semi-rigid joints the importance of using approximate engi-
neering methods is increasing, as they can produce upper bound envelope 
curves for the real behaviour in a relatively simple way. The accuracy of 
the results is depending on the simplifications involved. 
The most general moment - relative rotation relation of a cross-section 
includes elastic, plastic and strain-hardening zones. If the phenomenon of 
plate buckling is included into this relationship, the curve may contain a 
softening branch, when the softening effect of plate buckling is greater than 
the effect of strain-hardening (IV . .c\.!\YI (1992)). 
Similar statements are valid for the joints of bar systems, ho-wever, 
the presence of a softening zone is more typical because of the occurrence 
of plastification and stability phenomena in joint elements. 
For plastic analysis of steel frames one of the most well-known ap-
proximate engineering methods is the Mechanism Method (HOR::\E 
and ~I/IERCHA::\T (1965): HOR::\E and \IORRIS (1981)), vvhich is suitable to 
determine the collapse mechanism load factor of steel frames. 
This method, in an extended form, is also able to take the effect of 
geometrical changes into account viith a reasonable accuracy. The rigid-
hardening materi""l model c""n also be introduced into this method and 
it can handle together the effects of 
hardening phenomenon. 
It can ""Iso be shown that 
involved in a rather siulilar 'vvay 
In case of steel [ranles the cross-sections 
are including those ones, vinere the joints are --'0' 
and of strain-
can also be 
and the intersection zones of the vertical and horizontal members. 
In these areas; if the joints are of partial strength ones :,,IAZZOLA:,\I 
(1990)), they can initiate a redistribution of internal forces before expansion 
of real plastic hinges in the beam or column sections. In this case all 
members can be elastic, when the coilapse load is achieved because of joint 
plastific""tion. 
If the sections of real plastic hinges in members are characterised in a 
similar \yay, as the semi-rigid joints themselves, and they are concentrating 
the plastic, hardening or softening characteristics of the frame members, 
the bars themselves can be dealt with as fully elastic ones and all deviations 
from this are included in the behaviour of real or 'pseudo' joints. 
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2. Modelling Joints in Frames 
In Annex JJ of Eurocode 3 joints are built up from two main parts, as 
sheared column web and components of connection (endplate, bolt, etc.) 
(Fig. 1). In certain cases it would be evident to divide the flexibilities into 
two springs, that is for a 'web panel spring and a connection one. 
The web panel spring would have the task to take into account the 
shear deformation of the web panel, this way it could be a translational 
spring, as it has been treated in several papers before. This translational 
spring could be taken into the diagonal line connecting the tension flanges 
of the beam and column. 
joint web panei + connection 
Fig. '. .joint model of Annex J,J 
The connection spring (including all other flexibilities) could be represented 
typically by a rotational spring, which could be situated to the end section 
of the beam. 
Calculation results have shown that using these tvm kinds of spring 
models for characterising the behaviour of the joint has advantages. 
These two springs are more suitable to simulate the joint character-
istics and, which can be more important, they produce lower load car-
rying capacities and lower elastic critical loads for the numerically tested 
frame, than the calculation, which strictly follows the connection model of 
Eurocode 3. 
Taking into account the second order effects and using these in sep-
arated way springs produce a relatively complicated calculation. Later 
on another possibility for handling these influences will be summarised in 
this paper. 
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3. Influences at Column Bases 
In case of column bases there are some similarities. The typically bolted 
connection between the base plate and the foundation can have fiexi-
bilities, which are comparable with those of the bolted beam-to-column 
connections. 
If some attention is paid for the 'connection' between the soil and the 
foundation, rather similar displacements to those of the frame joints can 
be found. 
rotation centre of concrete block 
Fig. 2. Column bases 
The position of the rotation centre of the concrete block is depending on 
the soil characteristics. The relatively rigid concrete block is situated be-
tween this point and the lower surface of the base plate which acts as a 
continuation of the column. But between the baseplate and the top sur-
face of the concrete block in most cases a IS hav-
ing different behaviour as the concrete foundation block. 
These similarities and differences gave the idea to develop a gener-
alised bar model, which can take 'connection' and 'joint' fiexibilities into 
account. 
4. Use of 
Stability functions can be practical tools to carry out an elastic second order 
analysis (HOR;\E and ::VIERCHA;\T (1965); i\IAJID (1972)). These functions 
have been developed in different forms. In this paper those of Home will 
be used. 
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For the elementary case, i.e. when a member having fixed ends is 
influenced to a rotation on the left hand side end (Fig. 3), the end forces 
and moments can be expressed in the form given under the figure. 
From this case all of the others (sway of fixed end - Fig. 4, hinged 
cases, etc.), when there is no distributed load along the length of the mem-
ber, can be developed with superposition, supposing the same normal force 
for the added cases. 
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Fig. 3. Rotation at left end 
(~E!~,;~ N 
......... ~. JMB<:-
.:< 
pLB'ip 
k = EIIL 
MA = MB = -u.k.eBIL = - U.eBIL 
F = (2.u-n2p).k.eBIL2 = V.eBIL2 
Fig. 4. Sway at right end 
The s (stiffness) and c (carry over) functions are depending on the relative 
intensity of the normal force, p = N / NE, where NE = ,,2 k / L (and N is 
positive in compression). 
These functions let to take into account the influence of shear defor-
mations of the web panel (ER\lOPOCLOS and VAYAS (1991); FIELDE\"G and 
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Ht:A:\G (1971)). If we consider that the left end of the member is connected 
to the joint of a frame, at the joint there is a ~( shear deformation (Fig. 5) 
and the centre of the panel remains in the same place, then the shear de-
formation 1/2 causes at the left end of the member: (i) a e rotation equal 
to 1/2 and (ii) an upraise vertical sway, which is equal to LA . ~f /2. 
I "&~ ______ ----- B ;~ 
"f 12 
F'ig. 5. Shear deforn1ation of v:eb panel and it:-: infiuence for aeforrnation of rnen1ber:s 
Combining the cases in Figs. J and 4 the influence of \"eb shear deformation 
can be derived. 
From the right part of Fig. 5 it can also be clearly seen that shear 
deformation of the web panel causes opposite effects for beam and column, 
respectively. This fact should be taken into account 'when compiling the 
stiffness matrix for the construction. 
Before out this combination prOCsS5 in because of its 
practical advantages, the bar model of Figs. J and 1S extended. A rigid 
part of the length of LA is joined to its left hand side, replacing the web 
panel between the theoretical centres of the joint and the beam 
ends (point Cl. 
From simple equilibrium equations, written for A - ,C - B and A - B 
members, some new" functions can be compiled, describing the relation 
among end forces and displacements. 
These functions are given in Table 1 for flxed and hinged bars. 
Therefore, more serious and systematic analysis is necessary. 
If a relative rotation should be taken into account at section C be-
tween the column flange and the beam end, it can be done by adding a 
new degree of freedom there and using functions in Fig. 3. 
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In case of displacement method the equilibrium condition can be 
-wTitten as 
~1 
i (1 ) 
In \vhich IS the load vector, 
1S the stiffness matrix and 
U IS the displacement vector. 
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The displacement vector is built up from two main parts, from the 
group of regular nodal displacements (absolute rotations and deflections) 
and from the group of relative ones, caused by local flexibilities as shear 
deformations, connection components deformations, etc. According to the 
regular nodal displacements the corresponding equilibrium equations can 
be compiled. The second part of equilibrium equations are simply express-
ing the moment - relative rotation correlation at the local flexibilities, that 
is the M - q; functions. 
It should also be taken into consideration that the relative rotations 
are always of opposite sense as the moments. 
The functions for the shear or the rotation rigidity of a joint can be 
of any such shapes, which are in correlation (given by any mathematical 
function) with the change of loading. 
The corresponding literature (CHEl\ (1987); CHEN and Lur (1991); 
Lm (1985)) illustrates that wide palette, which can be compiled either 
from experimental results or from modelling the above functions in different 
ways. 
M 
i 
unloading with 
initial rigidity 
loading with S (+) sec 0 'l'1 
secant rigidity 
Fig. 6. Spring characteristic 
The function of lv! - q;, for example (Fig. 6), has a non-linear shape in case 
of loading, while in case of unloading it follows the straight line determined 
by the initial slope of the curve (by the initial rigidity) and the Mo and q;o 
values achieved. 
In general form the Iv! - q; functions can be written as: 
(2) 
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where in case of loading: 
R = Ssec(cP) , (3) 
in case of unloading: 
R = Ssec. 0 , j'V11 = 11;10 - Ssec. 0 . cPo . (4) 
If the external load on the structure is increasing in a monotonic 'Nay and 
there are no joint simulating springs, \yhich are unloading, the actual secant 
stiffness, Iv1jcf; = Ssec(cP) should be substituted into the stiffness matrix. 
5" Extended Use of Functions and 
This method detailed above is suitable to analyse elastic members, 
allowance for geometric non-linearities (second order effects). At the same 
time, as the spring rigidity functions theoretically can be of any shape, 
with this set of expressions those cases also can be treated, when the spring 
rigidities involve some plastic, hardening or softening phenomena. 
If any of the rotational springs at member ends is handled this way, 
it can include even the plastic behaviour of that section. The function 
used for representing the moment-rotation relation can be either bi-linear 
or piecewise linear or continuous and preferably smooth. 
If a spring is inserted in any section of a member, where a real con-
nection does not exist and the spring characteristics are including the prop-
erties of a plastic hinge, this so-called pseudo connection section is able to 
model plastic hinges, as well. 
This way the use of the stability functions together with all of those 
possibilities, which were detailed before, can be extended to carry out an 
elastic plastic hinge analysis. In this method all plastification is gathered 
into the plastic hinge and the complete member between two nearby hinges 
is supposed to be perfectly elastic. 
The more exact plastic zone method, which took into consideration 
the reality, that plastification is a progressing process both in the fibres of 
a section and in a portion of a member, is more complicated and generally 
gives slightly different results. 
In the case, when the frame to be analysed is carrying distributed 
loads, it is preferable to substitute it with concentrated ones, because the 
sections, in which plastic hinges develop in a member of distributed loading, 
are generally not known in advance. 
This modification has two advantages: 
(i) there is no change in shear force between two neighbouring points and 
(ii) possible sections of plastic hinges are only these division points of the 
members. 
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One very important remark, which should be taken into account in 
any case, is the following: either non-linear behaviour of connection or 
plastic behaviour of the material is the reason of the relative deformations, 
it should always be kept in mind, that loading (increase of deformations 
accompanied by either increase or decrease of load intensity) follows the 
mentioned curves. v,hile unloading (decrease of deformation and loading 
together) is always elastic (follows the initial rigidity). Therefore, if at any 
increment of the loading process a decrease of a certain displacement is 
seen, this fact should be noticed and it must be allowed for the compilation 
of the stiffness matrix. 
6. Demonstrative 
The frame in Fig. 7 ,vas realised from hot-rolled I sections (section height: 
80 mm, span of beam: 2 m, height of column: 1 m , having different -welded 
beam-to-column connections, nominally pi.r:ned at supports and tested in 
the frame,\vork of a diploma project in the Laboratory of the 
of Steel lLB. 
·Three types of frame knees \vere tested: (i) no stiffeners; horizontal 
stiffeners, horizontal + diagonal stiffeners. 'The ratio of If: == 5 : 1. 
COIl_Ilection 
!(S2 
Left of the should be inserted 
to take account for local fiexibilities, plastic hinge rotations, etc. Allowing 
for the real conditions, some simplifications ,vere made, as (i) a strong 
steel device was constructed to transfer the loading and to support the test 
frame - there were no foundation displacements; (ii) fiexibility of welded 
connection on the interface of beam-to-column is small - there is no need 
shear deformation of\veb 
plastic hinge rotation spring E 
COiliicction SPrLlb 
foundation rotation spring 
D 
foundation displ2.cement spring 
Fnune IT:odel built up frorn and el2.St ic rnern bel's 
for connecTion at beanl bec..Il1-tG-colurnn connections arE: 
not stronger than the sections themselves no need for piastic hinge springs 
around the 
The simplified model of the frame is shown on the right of o o. 
The model consists of four elastic bars t· 1 i TIve noaes and 
springs, Spring 2 and 4 for shear deformation, Spring 1 and 5 for nominally 
pinned supports, Spring 3 for plastic hinge under the vertical force. Axial 
deformation of bars is neglected. 
Table 2 sho'V'v-s the stiffness matrix and load vector. The nrst three 
columns of stiffness matrix correspond to usual absolute rotations of nodes 
E-F- the fourth one to horizontal s\vay at E - C, the fifth one to 
vertical defiection at F. Columns 6-10 are relating to spring rotations. 
Rov,-s 1-.5 of the stiffness matrix are giving the regular equilibrium 
equations for moments , MF and ~ for forces HI:: and F ~ respec-
RO'ws 6-10 represent the corresponding relationships between the mo-
ment relative rotation characteristic for the spring and the actual mo-
ment at the end of the bar. 
Therefore. the construction of the stiffness matrix is non-regular. it 
is non-symmetric. From the theoretical point of vie\v it is not exact, as 
in this case the product of load vector by displacement vector is not equal 
to the external work. Despite this, keeping simplicity and descriptiveness 
of such construction of the stiffness matrix, the relative displacements are 
kept further on, although to include absolute displacements everywhere 
instead of the relative ones could be done relatively easily. 
Loading of the computational model can be increased step-by-step. 
Control of the loading process can be made by force or by displacement. 
Load control is suitable, while the structural model is stable, in the unstable 
stable control of the process is made by horizontal deflection at node E. 
In this latter case column 4 of the stiffness matrix and the load vector 
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Table 2 
Stiffness matrix 
1 2 3 " .., 5 6 7 8 9 10 
(Skh (Tkh 0 u·· til)1 Uk -(re )2 (hh -(S-,h 0 0 0 
(Skh (S\h 
2 (Tkh (Skh (hh 0 [i -(-z;:s )2 0 (T-ih (Sh (TJ3 0 
(Skh U (LB )3 
') 
" 
0 (Td3 (Skh U L~ )4 (f~ )3 0 0 Chh (S-,h (h)4 
(Skh -(S-r)4 
4 _( Uk ) 0 ( Uk . ( V 0 C" (C" '. 0 C, . C, 
. LEd - LB)4 U h -( LB )1 L; )1 ( LE )4 LB )4 B 
V 
-( TT)b. 
~B 
5 -( ~)') U ' c· h 0 _( c, . (-Jl-) ( C., ) 0 , B - LB )2 \ til)3 .LB h \1..B 3 \. LE;3 
• U ) lrE :3 )3 
6 (Tkh 0 0 -( (Si! -: ) 1 0 0 0 
Sp r 1 
7 (Sk )2 Chh 0 0 ' C"k \ -(reil 0 )2 0 0 0 
Spr2 
8 0 (Tkh 0 )3 0 0 h 0 
Sp r3 
9 0 )0 
.0 (Skh 0 )3 0 0 ('T;,; )3 ( 0 
Sp r4 
10 0 0 ).1 0 0 0 0 
Load \"ector: 
( 0 0 0 
SprJ 
are: exchanged and the system of equations is solved for a given horizontal 
deflection. 
Iteration at a new loading step starts with the previous normal force 
distribution in the bars, the normal forces are recalculated from the new 
displacements, while the given tolerance in the compatibility of results is 
fulfilled. 
Some illustrative outputs of the program are given in Fig. 13 in the 
next chapter. Systematic comparIson of computer simulation results are 
also published there. 
